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An investigation has been made of diffusion burning of a fuel-oxkiizer 
mixture supplied through a porous plate to a compressible laminar 
boundary layer. 

The p re sen t  paper  examines  the quest ion of l a m -  
i na r  flow of a i r  over  a s emi - in f in i t e  porous  plate 
through which a fue l -ox id ize r  mix ture  is supplied ac-  
cording  to the law (PV)w = const .  The m a s s  flow ra te  
of oxid izer  is,  in genera l ,  l ess  than s to ieh iomet r ic ,  
and the re fo re  burn ing  cannot  occur  ins ide  the plate.  
Insuff ic ient  oxygen reaches  the burn ing  zone f rom the 
ex te rna l  flow, and the reac t ion  plane in the boundary  
l ayer  co r r e sponds  to the point where there  is a s toi -  
ch iomet r i c  rat io,  while the concen t ra t ion  of fuel and 
oxid izer  tends  to zero .  It is a s sumed  that the diffu- 
s ion ra te  is  negl ig ib ly  smal l  in c o m p a r i s o n  with the 
veloci ty  of the chemica l  reac t ion  o c c u r r i n g  at a def- 
in i te  t e m p e r a t u r e  T* in an inf in i te ly  thin zone, which 
is  a sur face  of d i scont inu i ty  in  the boundary  l aye r .  

It is  a s sumed  that P r  ~ 1 = const ,  Sc ~ 1 = cons t  
and P r  ~ Sc, Cp = const ,  t~/~ = T/~ ' ,  where  ~ and T 
a re  cons tan t s  [1, 2], D = D(T), X= MT). 

The sys t em of equat ions  of the l a m i n a r  boundary  
l aye r  in the case  in ques t ion  (without taking account  
of t h e r m a l  diffusion) has the fo rm 

O(pu) + 0(or) =0,  
ax @ 

o . .  5(o ) pu ~-x + o r  Ov -- d~ + ~t , , 

OH OH 0 ( ~ O H )  0 
pU-~x + o r  . . . .  + _ _ •  Og ag Pr Og Og 

0 

pu ~ + o v ~  ov Sc; ov ' 

Ci q-C f + C o =  1. 

(1) 

(2) 

(3) 

(4) 

(5) 

The sys t em of Eqs.  (1)-(4) in the Crocco v a r i a b l e s  
u = u(x, y) and x = x, unde r  the a s sumpt ions  3H/ax = 
= O, OCi/8x = O, dp/dx = 0, and a f t e r  excluding ve loc-  
i ty v, t r a n s f o r m s  to the following fo rm:  the equat ion 
of c o n s e r v a t i o n  of ene rgy  

the diffusion equation 

K' C; = O, (7) c; + ( 1 -  sc;) ~ -  

the equation of conse rva t ion  of momen tum 

KK" + 2"rtp#o = 0, (8) 

where 

~ l = u / u  , 9o=9/9~, ~t0=~/~, K = 2 ~ l / x / p ~ u ~  

(der ivat ives  with respec t  to ~7 a re  denoted by p r i m e s ) .  
The quant i ty  K depends on the blowing p a r a m e t e r .  

In the s imples t  case ,  if P0~ = 1, Eq. (8) is brought  
to a form independent  of the genera l  sy s t em 

KK" + 2~1 = O. (9) 

Since (9) is  equiva lent  to the Blas ius  equation, the 
function K 0 ? ) m a y  be de te rmined  f rom tab les  obtained 
in [1] for the Blas ius  p rob lem.  

The boundary  condi t ions  for  the sys t em (6)-(8) 
have the fo rm 

C O = Co~, H = H~, K = 0 when r I = l, (10) 

C i=0, H I =H n--H,, KO]) I =KO]/I, (II) 

- 1 
when ~1 ---- ~1,, ( l l a )  

( x  
K' =2(pv)~ p~ ~ u~ ' H = H~, (pv)~Cl, = (pv )~C~- -  

zw C;~ when ~l ---- 0 (12) 
u~ SCc~ 

(he re  i ~- m and i ~ 02). 
Condit ion ( l l a )  follows f rom the equat ion of m a s s  

ba lance  in  the f lame 

- -  p D f m - ~ -  j = a PD~ Oy j 

-- [ PO~ OCo ]11 I -W-gJ l 

Taking into account  the equal i ty  peve = (PV)w, we 
obta in  the th i rd  condi t ion in (12) f rom the m a s s  ba l -  
ance  of the in jec ted  component  i 

' 1 / / " - - ( p r - - 1 )  K ' H ' = ( I  - p r )  ~1 ~ - +  1 u ~ (6) D _~_' 'l (pv)~C~ = ( p v ) ~ G ~ -  9 i m - - -  �9 
@ Jw 

(13) 
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To find the location of  the sur face  with coordinate  
~?. = V.(x), a sur face  of discontinuity in the boundary 
layer ,  we must  solve the diffusion Eq. (7) with bound- 
a ry  conditions (10), (11), and (11), (12), r e f e r r i n g  to 
regions  I and II, r e spec t ive ly .  F r o m  the solution we 
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Fig. 1. Dependence of  the posi t ion of  the r e -  
act ion front  ~ ,  on the p a r a m e t e r  ~ = C f e /  
/COe (Sc = P r =  1): 1) when B '  = 0 .1 ;  2) 0 .2 ;  

3) 0 .3 ;  4) 0 .5 ;  5) 1; 6) 2; 7) 10. 

obtain re la t ions  de te rmin ing  the dis t r ibut ion concen-  
t ra t ion  of  oxygen (i -= O) and fuel (i _= f )  in region II 

�9 . 0 

c, (n) = c,,  ,[ lS~ (n)/s( (o)1 ~:- '  d,~ kf  [~: (,o/s( (o)l ~:- '  d n - 

- -  [u~ (P v)~ Sc/~l -~)-~ (14) 

and of oxygen in reg ion  I 

Co (1"1) = Co =j' [K (n)/K (0)1 s~ • 
~,, 

I 

d n { j" [i( (n)/:( (o)}~-' e n}-'. 05) 
% 

The dis t r ibut ion of  concen t ra t ions  C I is de te rmined  
by (5), s ince Cf and C o have been de te rmined .  

F r o m  ( l la) ,  taking account  of  (14) and (15), we ob-  
tain a re la t ion  giving the posi t ion ~ .  of  the reac t ion  
front,  

i 
! Pr m- - I  

[K('~,,): K(0)I (aCo,. e l , )  j~ [K (n)/K (0)lS~-' d n --  
5* 

0 

= ~Co~ {.i" g( (n)/,~ (o)]~r [,-(~O~Sc/~l-'}, (16) 

where  0 < 77 _< 1. 
If  we wr i te  

~2 

[ (n,, ~h) = ,I [K(':~)/K flh)] s~-~ d'q, 

then (16) takes  the f o r m  

( o f , - - a C o )  [/(0, ]) - -  [ (0,  n ,) l  = 

= aCo= [[(0,  ~1,) + (B' Sc) - ' I .  (16a) 

We solve the energy  equation (6) by the method of 
var ia t ion  of constants .  Writ ing 

7,~ T,, ) l - - p r  d ]Oh, n2) = J [K (~12)/K 0h)lPr-' S [K (l]~.,/K0h)l 11 dn, (17) 
~h r,t 

I 01t, n,) = ff [K (n2)/K (q~)l p~-'d n, (18) 
~h 

fo r  the enthalpy dis t r ibut ion in region II, we obtain 

H - -  H~, = U~ [,12/2 - -  Pr d (0, n)l -~ { H,., - -  H~ - -  uL [nF2 - -  

- -  Pr d (0, %)1 } I (0, ~1)/I (0, %)  (19)  

(according to (17) and (18), in J(O, V) and I(0, ~), ~l = 
= 0, ~2 = ~?). The express ion  for  H in region I has  the 
f o r m  

H - -  H.  = u~ [01~/2 - -  ~1~/2) - -  Pr J 01,, ~l)l + 

+ {n~ - -  H ,  - -  u~ [(U2 - -  

_ ~ l ~ / 2 ) - - P r J O l , ,  1 ) ] } l ( . q , , n ) l l ( n , ,  1). (20) 

Functions I and J have been tabulated [2] fo r  v a r -  
ious values  of the Prandt l  number  and for  the shea r  
s t r e s s  dis t r ibut ion obtained f r o m  solution of the Bla-  
silts p rob lem.  The functions I(7}, Sc) m a y  be de t e r -  
mined f r o m  tables  for  I0?, Pr) .  Thus, de te rmining  
the posi t ion of  the reac t ion  front  f r o m  (16), we may  
ca lcula te  the heat  t r a n s f e r  between the porous  sur face  
and the s t r e a m  

OH 

Since 

1 
�9 ~ -5 - -K(0)  V p ~  .3:x 

(21) 

and the Reynolds number  is 

then 

Thus 

Rex = p~ u~ x/~t~, 

l 

where  

K (0) V Rex 
2x (/4,.: - -  H~) ; (n.), 

(n,) = {/4, - H~ - -  uS I@2 + Pr Z (0, q31 ]/:  (0, q,) ,  

o r  

N u  : : K ( 0 ~  ,~ (%~:). (22) 
V Rex 2 (H~:- H~,) 
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The r e l a t i o n s  p r e s e n t e d  above a r e  a p p r e c i a b l y  
s imp l i f i ed  u n d e r  the condi t ion  P r  = Sc = 1. F r o m  (14)- 
(20) we obta in  a l i n e a r  dependence  of concen t r a t i on  
d i s t r i bu t i on  and to ta l  en tha lpy  on ve loc i ty :  

C~ (YI) = C~+ (%+: - -  rl) [i]. - - t/B'] -1, 

g() (q') = C o ~  51 - -  ~l*) I 1 - -  rl: I-1: 

(H - -  H~,)/(H, - - / - / ' ~ )  = q/-Q:~, 

(H - -H,) / (H~ - - H , )  = (~l - -  n * ) . ' (  I - - " l * ) .  

Equation (16) is t r a n s f o r m e d  to the form 

"~i* (x) [ C f e - - a ( C o e  § Co~/B') ] x 

x [ C f ~ - - a ( C o - - C o ~ ) ]  -~. (23) 

F o r  the  ca l cu l a t i on  of hea t  t r a n s f e r ,  we have,  f r om 
(22), 

N u / 1 / - ~  = 0.332/~1 .... (24) 

A r e l a t i o n  s i m i l a r  to (24) was  obta ined  in [3] in 
ca l cu l a t i ng  a r e a c t i n g  bounda ry  l a y e r  with d i s c o n t i n -  
ui ty  s u r f a c e  and i ~ e c t i o n  of  coo lan t  gas  a c c o r d i n g  to 
the  law (pv)w ~ x y2.  

As fol lows f r o m  a n a l y s i s  of r e l a t i o n s  (16) and (22)- 
(24), and a l so  f r o m  F i g s .  1 and 2 which  a r e  d rawn fo r  
the  c a s e  P r = S e = I ,  C O ~ = 0 . 2 3 ,  a = 0 . 2 5 ,  the  hea t  
t r a n s f e r  d e c r e a s e s  as  the  i n t ens i ty  of  b lowing B'  in -  
c r e a s e s ,  whi le  the r e a c t i o n  f ront  moves  f u r t h e r  away 
f r o m  the p l a t e  s u r f a c e .  
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Fig .  2. Dependence  of N u / R e V  2 on 
7 .  (P r  = Sc = 1). 

At s m a l l  va lues  of the p a r a m e t e r  ~0 = Cfe /COe ,  
0 < ~0 < 1, which c h a r a c t e r i z e s  the m a s s  content  of 
N e l  Cf and of oxygen C o in the  in j ec t ed  m i x t u r e ,  a 
s h a r p  change  i s  o b s e r v e d  in the p o s i t i o n  of the  r e a c -  
t ion  f ron t  a s  ~0 i n c r e a s e s  (Fig .  1), whi le  the  m a x i -  
m u m  growth  of 7 .  o c c u r s  at  l a r g e  va lue s  (W). In th i s  
c a s e  (0 < ~0 < 1) the  m i x t u r e  a r r i v e s  with a c o m p a r a -  
t i v e l y  low fuel  con ten t .  When the  c o n c e n t r a t i o n  Cf i s  
i n c r e a s e d ,  the  flow of o x i d i z e r  

Jo.~. - - f ' m l ) m ~  :~ : - -PrnDm~ 5 - - g *  

(where 6 is the boundary layer thickness) reaching the 
reaction front from the external stream must be in- 
creased, attaining the stoichiometrie quantity at the 
burning zone near the body surface. In the first approx- 
imation we may consider that the sharp fall in gradient 
0Co~/0y corresponds to an insignificant change in Cf, 
and thus in the position of the reaction front (mass 
flux may not be taken into account without disturbing 
the qualitative picture of the process). 
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F ig .  3. Dependence  of  7 ,  on ~0 = C f e / C o e  
for  v a r i o u s  va lue s  of Sc n u m b e r  and blowing 
p a r a m e t e r B h  1, 2, 3) w i t h B  e= 1.0  and 
Sc = 0 .5 ,  1 .0 ,  and 1 .5 ,  r e s p e c t i v e l y ;  4, 5, 
6) w i t h B ' = 0 . 5 a n d  S c = 0 . 5 ,  1.0,  1 .5 .  

When ~0 > 1 the  va lue  of  the  g r a d i e n t  0 C o ~ / O y  d e -  
pends  a p p r e c i a b l y  on the p a r a m e t e r  ~0. The pos i t ion  
7 .  i s  d e t e r m i n e d  m a i n l y  by  W,  ~?, i n c r e a s i n g  with in -  
c r e a s e  of  W .  

As  fol lows f r o m  the c u r v e s  of  ~?, = 7 . (~0)  shown in 
F ig .  3 and d rawn  in a c c o r d a n c e  with  (16) and (23) for  
Sc n u m b e r s  equal  to 0 .5 ,  0 .1 ,  and 1 .5 ,  and v a r i o u s  
va lue s  of  B w, the  pos i t i on  of  the  r e a c t i o n  f ront  "0. de -  
pends  on many  p a r a m e t e r s  with oppos ing  in f luences  
(~0, B' ,  Sc). F o r  a p a r t i c u l a r  combina t i on  of t h e s e  
p a r a m e t e r s  the  pos i t i on  of the  r e a c t i o n  f ron t  ~?. r e -  
m a i n s  unchanged at  v a r i o u s  va lue s  of Sc. 

F ina l ly ,  le t  us  e x a m i n e  the s p e c i a l  c a s e  when a 
f u e l - a i r  m i x t u r e  i s  in j ec ted  into the  bounda ry  l aye r~  
Since the  c o m p o s i t i o n  of the a i r  m a y  be c o n s i d e r e d  
homogeneous ,  the  r e l a t i o n  va l id  fo r  the  c o n c e n t r a t i o n  
of  oxygen and fuel  i s  

t o e  = (1 - -  C f  e) Co~ .  ( 2 5 )  

Using  the p a r a m e t e r  

(l) f ---- C f e ( 1 -~ aC o :.)/aC o ~, (26) 

which deno tes  the  s t o i c h i o m e t r i c  m a s s  c o n c e n t r a t i o n  
of  fuel in the f u e l - a i r  m i x t u r e  [4], and t ak ing  (21a) 
and (25) into account ,  Eq. (16) m a y  be t r a n s f o r m e d  

into 

(l)fif(O, 1) - -  [(O, ~l,)] - -  f(0,1) = 0.332 (l ~Sc) - ' ,  (27) 



186 INZ HENERNO- FIZIC HE SKII ZHURNAL 

where ~ is a dimensionless  distance 

Pw~w V/" pooUmX 

When Sc = 1, we obtain f rom (27) 

~ l , = l _  1 ( 1 ,  0.332 ) ,  
�9 f V T  

which agrees  with [4]. 
When fuel gas alone is injected through the porous 

wall, condition (11a) may be writ ten in the fo rm 

1 (OCf ~"._ a 
Sc m , - - ~  ] Sc m ~ O~l ] l' 

(aCo  

and, in addition, at the discontinuity surface ~7 = 17. 
the relat ion 

Prm OC f 

is valid. This relation is used in [5] instead of ( l la)  
in solving a problem s imi la r  to (6)-(12). Thus, the 
solution presented  is more  general than that of [5]. 
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